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We use Ehrenfest’s theorem to provide a particularly simple derivation of the zitterbewegung in the dynamics
of initial Gaussian wave packets in a two dimensional electron gas. For initial packets which are very wide in
the y-direction, the zitterbewegung is only in the y-component of the velocity. We extend our Ehrenfest theorem
based calculation to the spin-orbit coupled spinor Bose-Einstein condensate (BEC) to predict that there can be
zitterbewegung in the x-component of the velocity in this situation driven by a combination of the nonlinear
interaction in the condensate and the splitting due to the spin-orbit coupling.
PACS numbers:
I. INTRODUCTION
Ehrenfest’s theorem in quantum mechanics, in its general-
ized form, gives the dynamics of the average value 〈O〉 of an
arbitrary operator O evolving under the action of a Hamilto-
nian H . For an operator with no explicit time dependence,
one has,
i~
d〈O〉
dt
= 〈[O, H]〉 (1)
If O is the position operator ~r, the dynamics leads to ddt 〈~p〉 =
0 for the free particle and to ddt 〈~p〉 = −mω2〈~r〉 for a free
particle moving in a simple harmonic potential. Since these
equations for the average values resemble the classical equa-
tions of motion, Ehrenfest’s theorem has often been linked
to the classical limit. For a one dimensional motion in the
potential V (x) = λ4x
4, it is apparent, that the Ehrenfest dy-
namics for 〈p〉 does not corresponds to the classical dynamics.
However, introducing a further constraint that the fluctuation
around the mean is small, one can make Ehrenfest’s theorem
look approximately like the classical limit [5]. It has been
made amply clear in Ref[2]. that Ehrenfest’s theorem con-
tains a huge amount of information about the state of quantum
particle. Our contention here is that Eq.(1) has to be taken at
its face value and if the dynamics of a given moment con-
nects to a different (often higher) moment, then one should
look at the dynamics of the new moment to eventually arrive
at a closed system after a few attempts or failing which set
up a closure scheme to obtain the dynamics of the different
moments. Consequently, looking at Ehrenfest’s equations can
lead to a different perspective on quantum dynamics where
the dynamics of at least a few low order moments may be
followed quite accurately. Generally moments are what can
be easily usually studied in an experiment, and consequently
this should be a useful viewpoint. Since nothing can be more
quantum mechanical than Zitterbewegung[6] and in the last
decade there has been a resurgence of interest in this unex-
pected phenomenon, we focus in this work on using Ehren-
fest’s theorem to deal with Zitterbewegung.
Zitterbewegung[6] (trembling motion) was first predicted
by Schro¨dinger[7] as a consequence of the interference be-
tween the particle and hole components of the spinors de-
scribing the wave functions of relativistic Dirac electrons in
the absence of any external potential. It has never been ob-
served in this setting. However in the last two decades differ-
ent approaches, originating in non-relativistic quantum me-
chanics, have been developed to get analytic, numerical and
experimental handels on the phenomenon of Zitterbewegung.
One of early suggestions in this direction was to exploit the
intrinsic spin orbit interaction existing in low dimensional
systems. Electron wave packet dynamics including the is-
sue of Zitterbewegung in semiconductor quantum well with
Rashba and Dresselhaus coupling was studied by Schliemann
et.al.[11, 12] in the absence of electric and magnetic fields. A
different study, considering the interplay between spin orbit
coupling and cyclotron motion in a perpendicular magnetic
field was carried out by Winkler et.al.[13, 14]. Demikhovskii
et.al.[15] have carried out a detailed analytic and numerical
investigation of the wave packet dynamics of one and two-
dimensional wave packets in a semiconductor quantum well
under the influence of the Rashba spin orbit coupling. The
splitting of an initial wave packet and the accompanying Zit-
terbewegung had a particularly elegant expressions in the spe-
cial situation where the initial wave packet in the two dimen-
sional plane had a very large width in the y-direction com-
pared to its width in the x-direction. These results were later
extended to study the dynamics of wavepackets in a mono-
layer graphene[16]. A simulation of the Dirac equation using
a single trapped ion was carried out by Gerritsma et.al.[17]
to show the existence of Zitterbewegung in a situation which
carefully mimics the Dirac equation.
For systems with Rashba spin orbit coupling, the Hamilto-
nian studied by Demikhovskii et.al.[15] can be written as,
H = H0 +HR =
p2
2m
+ α(pyσx − pxσy) (2)
where H0 = p
2
2m is the usual free particle Hamiltonian while
the remaining HR is the Rashba spin-orbit term. This Hamil-
tonian has eigenvalues
E(p) =
p2
2m
± α|p| (3)
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2with the eigenvalues Ψ1, Ψ2 respectively,
Ψ1 = e
i~p·~r
(
1
−ieiφ
)
Ψ2 = e
i~p·~r
(
1
ieiφ
)
where φ is the angle between ~p and the x-axis.
Demikhovskii et.al.[15] consider the initial Gaussian wave-
packet
Ψ0 =
1√
pid∆0
e−
x2
2d2 e
− y2
2∆20 eik0x
(
1
0
)
(4)
and in the special (and rather illuminating) situation of
∆0 >> d (no y-dependence) effectively obtain explicitly the
wave function at later time (using the usual Green function
approach)
Ψ(x, t) =
(
ψ1(x, t)
ψ2(x, t)
)
=
(
(f(x, t) + g(x, t)eiφ(x,t))
(f(x, t)− g(x, t)eiφ(x,t))
)
(5)
where
f(x, t) =
C√
∆(t)
e−[x+(α−
~k0
m )t]
2/2∆2
g(x, t) =
C√
∆(t)
e−[x−(α+
~k0
m )t]
2/2∆2
φ(x, t) =
2(k0d
2 + ~tmd2x)αt
∆2
∆2(t) = d2 +
~2t2
m2d2
(6)
In the above C is a normalization constant. The forms of
f(x, t) and g(x, t) which are centred at (~k0m ± α)t show the
splitting of the wave packet. The spin density is
Si(x, t) =
~
2
(Ψ∗1Ψ
∗
2)σi
(
Ψ1
Ψ2
)
The spin density Sy(x, t) is seen to be
Sy(x, t) =
~√
piLy∆
[e−[x−(v0−α)t]
2/∆2
−e−[x−(v0+α)t]2/∆2 ] (7)
where v0 = ~k0m and the average spin density
S¯y =
∫
Sy(x, t)dxdy = 0 (8)
The average spin density S¯z oscillate in time. Further, it was
shown that
〈px〉 = ~k0
m
(9)
〈vy〉 = −α sin(2k0αt)e−(αtd )2 (10)
The oscillating but decaying y-velocity is the Zitterbewegung.
Our objective in Sec.II will be to arrive at the above results
from the prospective of Ehrenfest’s theorem in a very straight-
forward manner.
The actual experimental observation [18, 19] of Zitterbewe-
gung was achieved by considering spin-orbit coupled Bose-
Einstein condensates[20]. The dynamics of the condensate,
described by the two component wave function
(
Ψ1
Ψ2
)
is de-
scribed by the coupled Gross-Pitaevskii equation which can
be written as,
i~
∂
∂t
(
ψ1
ψ2
)
= [
p2
2m
+ α(pyσx − pxσy)
(
ψ1
ψ2
)
+G
(
ψ1
ψ2
)
] (11)
with
G =
(
g11|ψ1|2 + g12|ψ2|2 0
0 g22|ψ2|2 + g12|ψ1|2
)
(12)
In both references Ref.[18]. and Ref.[19], a clear oscillation
of the average velocity is observed in the absence of any ex-
ternal forces. In Ref.[18], the observations actually exploited
the spin-orbit coupling and it is this situation which we will
concentrate on. The use of Ehrenfest’s equation will show
that the mean position of the wave packet will primarily be
the same as that shown in Eq.(5), although the width of the
packet is capable of showing deviation from that shown in
Eq.(6). It will be seen that unless the interaction between the
atoms of the condensate is attractive, the effect on the width
will be qualitatively unaltered. The most spectacular effect of
the interaction between atoms, we predict, will be a possible
non zero value of the average spin S¯y if the coefficients gαβ
of Eq.(12) satisfy certain constraints. This will be the content
of our Sec.III. We conclude with a short summary in Sec.IV.
II. EHRENFEST EQUATIONS FOR THE ELECTRON GAS
Following the geometry studied by Demikhovskii
et.al.[15], we consider the Hamiltonian of Eq.(2) and the
initial condition of Eq.(4) with ∆0 >> d so that the time
development wave packet has only a x-dependence. Con-
sequently, we will have 〈py〉 = 0 all the time- a fact that
will be used throughout in writing down expectation values.
We can immediately write down the following results using
Ehrenfest’s theorem
〈vx〉 = d
dt
〈x〉 = 〈px〉
m
− α〈σy〉 (13)
〈vy〉 = d
dt
〈y〉 = α〈σx〉 (14)
d
dt
〈px〉 = d
dt
〈py〉 = 0 (15)
3In this case 〈py〉 = 0, and if initially 〈px〉 = p0 = ~k0/m,
then 〈px〉 remains at p0 all through. The important thing to
note is that although 〈py〉 = 0, 〈vy〉 6= 0 and this will give one
of the primary results, exhibited in Eq.(10). Continuing with
the application of Eq.(1), one get
d
dt
〈σx〉 = −2α〈pxσz〉
= −2α[
∫
ψ∗1pxψ1dx−
∫
ψ∗2pxψ2dx]
= −2α[〈px〉11 − 〈px〉22] (16)
where the meaning of 〈px〉11 and 〈px〉22 is obvious. Similarly,
d
dt
〈σy〉 = −2α〈pyσz〉 = 0 (17)
since both 〈py〉11 and 〈py〉22 vanish, the functions Ψ1 and Ψ2
being functions of x alone. Hence 〈σy〉 is constant in time
and can be evaluted from its value at t = 0. The initial wave-
function is given in Eq.(4) with ∆0 → ∞ and hence has the
form
Ψ0(x) = Ψ(x, t = 0) =
1
pi
1
4
√
d
e−
x2
2d2
(
1
0
)
(18)
Since 〈σy〉(t = 0) = −i
∫
ψ∗1ψ2dx + i
∫
ψ∗2ψ1dx, 〈σy〉(t =
0) = 0 and thus
〈σy〉 = 0
for all time. Immediately it follows that
〈vx〉 = p0
m
=
~k0
m
(19)
Thus we have, thanks to Ehrenfest’s theorem, obtained two of
the results of Ref[15]. as given in Eq.(8) and Eq.(10) without
any serious calculations.
We now turn to Eq.(16). The right hand side is trivially
calculated in momentum space. The momentum space wave
function at t = 0 (corresponding to Eq.(18)) is
Φ0(k) =
(
φ1(k)
φ2(k)
)
=
√
2dpi
1
4 e−(k−k0)
2d2/2
(
1
0
)
(20)
The initial case is a superposition of
(
1
−i
)
and
(
1
i
)
, the
eigenstates with eigenvalues ~
2k2
2m +α~k and
~2k2
2m −α~k, re-
spectively it follows that at time t, the momentum space wave
function is
Φ(k) =
√
2dpi
1
4 e−(k−k0)
2d2/2ei
~k2t
2m
(
cos(αkt)
sin(αkt)
)
(21)
Now evaluating 〈px〉11 and 〈px〉22, we find from Eq.(14) and
Eq.(16)
d
dt
〈vy〉 = αe−
α2t2
d2 [k0d cos(2αk0t)− αt
d
sin(2αk0t)] (22)
leading on integration to
〈vy〉 = −α sin(2αk0t)e−
α2t2
d2 (23)
the oscillating but decaying y-component of velocity shown
in Eq.(10). This is the appearance of Zitterbewegung in the
two dimensional electron gas with spin orbit coupling.
One can actually make further progress within the Ehren-
fest framework. For the width of the wave packet one has on
evaluating the relevant commutators
d
dt
〈x2〉 = 1
m
〈xpx + pxx〉 − 2α〈xσy〉 (24)
and
d
dt
〈xpx + pxx〉 = 2
m
〈p2x〉 − 2α〈σypx〉 (25)
Clearly, ddt 〈p2x〉 = 0 and for wave functions of the form
f(x)
(
α
β
)
, ddt 〈σypx〉 = 0, making the right hand side of
Eq.(25) constant. Thus taking a derivative of Eq.(24) and us-
ing Eq.(25) we get
d2
dt2
〈x2〉 = 2 〈p
2
x〉
m2
− 4α
m
〈σypx〉
= 2
〈p2x〉0
m2
− 4α
m
〈σypx〉0 (26)
where the subscript denote the values at t = 0. Evaluating the
expectation value at t = 0, one has 〈p2x〉0 = ~
2
2d2 + ~
2k20 and
〈σypx〉 = 0, which gives on integration Eq.(26)
〈x2〉 = ( ~2
2m2d2
+
k20
m2
)
t2 + C1t+
d2
2
(27)
whereC1 is a constant of motion to be obtained from ddt 〈x2〉at
t = 0 and is found to be zero. We note (from Eq.(19)) that
〈x〉 = ~k0t
m
(28)
and hence
〈x2〉 − 〈x〉2 = ~
2
2m2d2
t2 +
d2
2
(29)
If the width of a Gaussian wave packet at any instant is ∆(t),
then 〈x2〉 − 〈x〉2 = ∆2/2 and hence
∆2 = d2 +
~2t2
m2d2
(30)
which is identical to the width of the wave function obtained
in Ref.[15] by studying the evolution of the wave packet.
We would like to end this section by pointing out that al-
though it is not possible to obtain information on the phase
φ(x, t) of the evolving wave function by Ehrenfest’s theorem,
in the case of Gaussian wave packets and a free particle an
4exception may be made. The phase φ(x, t), if expanded in
powers of ′x′, will not have any powers higher than x2 and
we can write
φ(x, t) = φ0(t) + xφ1(t) + x
2φ2(x, t) (31)
In the above, the most important information is carried by the
linear term and below we show how information on φ1(t) can
be obtained from a study of the Ehrenfest relation
d
dt
〈σz〉 = 2α〈pxσx〉 (32)
The right hand side can be evaluated in momentum space as
done before and we find
〈pxσx〉 = e−
α2t2
d2 [k0d sin(2αk0t) +
αt
d
cos(2αk0t)] (33)
The left hand side needs to be evaluated in coordinate space to
include the information on phase. We note that because mo-
mentum is conserved, the centre of the wave packet is located
at any time t at xc = v0t = ~k0tm (as would be true for a free
particle without the spin orbit term), but the dispersion rela-
tion shows there are two branches, one moving with velocity
v0 +α and other with v0−α. Hence the initial Gaussian wave
packet will split into two pockets one centred at (v0 +α)t and
the other at (v0 − α)t which can be seen by visualizing the
Fourier transform of Eq.(21). The real space wave function at
any time t, will be a linear superposition of Gaussian centred
at (v0 +α)t and (v0−α)t and having the width ∆(t) found in
Eq.(30) and differing in phase by φ(x, t). The two component
wavefunction in Eq.(5)
Ψ =
(
Ψ1(x, t)
Ψ2(x, t)
)
=
(
f(x, t) + g(x, t)eiφ(x,t)
f(x, t)− g(x, t)eiφ(x,t)
)
(34)
where
f(x, t) = Ce−[x−(v0+α)t]
2/2∆2 (35)
g(x, t) = Ce−[x−(v0−α)t]
2/2∆2 (36)
φ(x, t) = φ0(t) + xφ1(t) + .... (37)
with C a numerical constant freed by normalization. We find
after carrying out the intrigation
d
dt
〈σz〉 = 4
√
pi∆(t)e−
φ21
∆2
−α2t2
∆2 [A cosφ′ +B sinφ′] (38)
with
φ′ =
φ0
∆2
+
ip0tφ1
m∆2
A = − d
dt
(
φ21
∆2
+
α2t2
∆2
)
and
B =
d
dt
φ′
Comparing two sides of Eq.(38) leads to
φ0 = 2k0d
2αt
φ1 =
2α~t2
md2
in agreement with the exact answer of Demikhovskii
et.al.[15].
III. SPIN-ORBIT COUPLED BEC
We now consider the spin-orbit coupled Bose-Einstein
condensates[20] of Eq.(11) and once again consider initial
wave packets which are the form given in Eq.(4), with ∆0
made very big so that the dynamics of the packet can be taken
to be essentially one dimensional. The extension of Ehren-
fest relation to the case of the Gross-Pitaevskii equation was
done in Ref.[21] and including the spin-orbit coupling, we
first write Eq.(11) explicitly as (g11 = g22 = g),
i~ψ˙1 = − ~
2
2m
∇2ψ1 + α(py + ipx)ψ2
+g|ψ1|2ψ1 + g12|ψ2|2ψ2
i~ψ˙2 = − ~
2
2m
∇2ψ2 + α(py − ipx)ψ1
+g|ψ2|2ψ2 + g12|ψ1|2ψ1
For operatorsO whose expectation values are given by 〈O〉 =∫
Ψ∗1OΨ1dx+
∫
Ψ∗2OΨ2dx, it was shown [21]that the Ehren-
fest theorem leads to
i~〈O˙〉 = 〈[O, H]〉+ g[〈[O, P1]〉11 +O, P2]〉22]
+g12[〈[O, P2]〉11 + 〈[O, P1]〉22] (39)
where H = p
2
2m + α(σxpy − σypx). It is clear that this H
with the spin-orbit coupling does not introduce any new terms
in the dynamics of 〈x〉, 〈y〉, 〈px〉 and 〈py〉 and Eqs.(13,14,15)
continue to hold. The interesting terms arises in the dynam-
ics of 〈σx〉 and 〈σy〉. We begin with the dynamics of 〈σy〉
since without the interaction terms, we had seen that in the
situation where Ψ(x) was a function of x alone, 〈σy〉 did not
change with time. In the present situation, we find that Eq.(17)
changes to,
d
dt
〈σy〉 = −2α〈pyσz〉+ (g12 − g) d
dt
〈σy〉int (40)
where,
d
dt
〈σy〉int =
∫
(ψ∗1ψ2 + ψ
∗
2ψ1)
×(|ψ1|2 − |ψ2|2)dx (41)
The first term in Eq.(40) does not contribute if Ψ depends on
x-alone, the second is non-vanishing. For small value of g12
and g, we can evaluate it in the limit of g = g12 = 0 using
the known Ψ1,2(x). Thus for g12 − g 6= 0, the average spin
5FIG. 1: Plot of interaction induced pseudospin components 〈σy〉int
and 〈σx〉int with time for different values ofα (α = 1.7×106cms−1
(red) and α = 2.9× 106cms−1(blue) respectively).
in y-direction is non-zero. This also has the interesting con-
sequence that the velocity in the x-direction has an oscillating
behavior in time which eventually damps out. As for 〈vy〉
which showed a damped oscillation in time in the absence of
g, the presence of the interaction term leads to an additional
response given by,
d
dt
〈σx〉 = −2α〈pxσz〉+ (g − g12) d
dt
〈σx〉int (42)
where
d
dt
〈σx〉int = −i
∫
(ψ∗1ψ2 − ψ∗2ψ1)
×(|ψ1|2 − |ψ2|2)dx (43)
The first term has already been evaluated in Eq.(16). For g 6=
g12 there is an additional contribution (from the second term
in Eq.(42). To evaluate the integrals in Eq.(41) and Eq.(43),
we make the Gaussian assumption and use the form of Ψ(x, t)
as given in Eq.(34). We note, at this point, that ∆2(t) in this
case need not be given by Eq.(6) since there can be an effect
of the interaction on the width. We shall return to this issue
later. With Ψ having, the form of Eq.(34), we obtain
d
dt
〈σy〉int = −2exp[−3
2
α2t2
∆2(t)
− φ
2
8∆2(t)
]
× sin( φ0
∆2(t)
+
φ1p0t
m∆2(t)
) sin(
φ1αt
2∆2(t)
)(44)
d
dt
〈σx〉int = exp[−2α
2t2
∆2(t)
− φ
2
2∆2(t)
]
× sin( 2φ0
∆2(t)
+
2φ1p0t
m∆2(t)
) (45)
At this point, we note that most important consequence of
the spin-orbit coupling in a BEC. In a situation where the
spin-orbit coupling gave a vanishing contribution in the elec-
tron gas, namely S¯y = 0 for an initial wave-packet which is
very wide in the y-direction, we find from Eqs.(40,42), that
the combination of the spin-orbit coupling and the nonlin-
ear interaction can now lead to a non-zero result. Further
we also see as a consequence of Eqs.(40,42), that the mean
velocity 〈vx〉 in the x-direction will oscillate in time show-
ing the existence of zitterbewegung in vx as well in the pres-
ence of interaction term. In Fig.(1) we plot the components
〈σx(t)〉int and 〈σy(t)〉int determined by Eqs.(44) and (45)
which demonstrates the effect of zitterbewegung. We choose
other parameters as m = 0.5Mev/c2, d = 10−5cm and
k0 = 2.5× 105cm−1.
Returning to Eq.(41), we note that to correctly evaluate the
right hand side of Eq.(41), we need to check whether the inter-
action have any drastic effect on ∆2(t). To this end, we return
to Eqs.(24) and (25) and note that on the inclusion of the in-
teraction terms, Eq.(24) is unchanged and Eq.(25) becomes
d
dt
〈xpx + pxx〉 = 2
m
〈p2x〉 − 2α〈σypx〉
+
g
m
∫
(P 21 + P
2
2 )dx+
2g12
m
∫
P1P2dx(46)
Consequently,
d2
dt2
〈x2〉 = 2 〈p
2
x〉
m2
− 4α
m
〈σypx〉
+
g
m
∫
(P 21 + P
2
2 )dx+
2g12
m
∫
P1P2dx(47)
For wave function of the form ddt 〈σypx〉 = 0 as before but
now ddt 〈p2〉 is no longer zero. With 〈σypx〉 replaced by its
initial value of zero, Eq.(47) reduces to
d2
dt2
〈x2〉 = 2 〈p
2〉
m2
+
g
m
∫
(P 21 + P
2
2 )dx
+
2g12
m
∫
P1P2dx (48)
Straightforward algebra leads to
d2
dt2
〈x〉2 = 2 〈p〉
2
m2
(49)
The width of the wave packet W , defined as W 2 = 〈x2〉 −
〈x〉2, satisfy
d2
dt2
W 2 = 2
〈(∆p〉)2
m2
+
g
m
∫
(P 21 + P
2
2 )dx
+
2g12
m
∫
P1P2dx (50)
We need to find the dynamics of 〈p2〉 to be able to analyze the
above equation. From Eq.(39), we find
d
dt
〈p2〉 = −mg
∫
∂
∂t
(P 21 + P
2
2 )dx
−2mg12
∫
∂
∂t
(P1P2)dx (51)
6Since ddt 〈p〉 = 0, we have
d
dt
〈(∆p)2〉 = −m d
dt
[
g
∫
(P 21 + P
2
2 )dx
+2g12
∫
P1P2dx
]
(52)
leading to
(∆p)2
m
+ g
∫
(P 21 + P
2
2 )dx+ 2g12
∫
P1P2dx = C(const)(53)
Consequently the dynamics of the width becomes
d2
dt2
W 2 = C − g
∫
(P 21 + P
2
2 )dx− 2g12
∫
P1P2dx (54)
For positive g and g12, the constant C is always positive and
since
∫
(P 21 + P
2
2 )dx and
∫
P1P2dx scale as 1/W , it is clear
that as time increases, increasing W is the consistent solution
and clearly W 2 ∝ Ct2 for large W . Hence the nature of the
width is not expected to change in this case and the conclu-
sions arrive at from Eqs.(44) and (45) will be correct.
IV. CONCLUSION
We have looked at the issue of zitterbewegung in an electron
gas and a spinor BEC in the presence of spin-orbit coupling.
The issue of zitterbewegung is a quintessential quantum phe-
nomenon and we show that in this situation, Ehrenfests the-
orem (which is often considered as describing the passage to
the classical limit) can be very effectively used to arrive at the
results obtained by Demikhovskii et. al.[15, 16] for the elec-
tron gas. For the more involved case (because of the nonlinear
interactions) of the spinor BEC, we find that using Ehrenfest
relations one can go beyond the known answers and show that
zitterbewegung can exist in a situation where it did not in the
case of electron gas.
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